Abstract. We study the closed algebra BI (G) generated by the idempotents in the Fourier-Stieltjes algebra of a locally compact group G. We show that it is a regular Banach algebra with computable spectrum G I , which we call the idempotent compactification of G.
Introduction
Let G be a locally compact group and B(G) denote the Fourier-Stieltjes algebra of G, defined by Eymard [7] . Let Idem(G) denote the family of all idempotents in G. The theorem of Host [10] tells us exactly what each element u of Idem(G) is: u = 1 Y , the indicator function of an element Y of Ω o (G), the Boolean ring of subsets generated by open cosets in G.
Since B(G) is commutative, Idem(G) is a multiplicative semigroup in B(G), hence the algebra it generates is simply its linear span. We let B I (G) denote the closure of the span of Idem(G) in B(G). This algebra will be our main object of study.
Let us begin with a much simpler object. Let A(G) denote the Fourier algebra of G, also defined in [7] . Then A(G) is an algebra of continuous functions on G each of which vanish at infinity. Moreover, evaluation functionals at points in G comprise the Gelfand spectrum of A(G). Let A I (G) denote the algebra generated by idempotent elements of A(G).
The following proposition is well-known. Our proof of (i) is very similar to the one offered for abelian groups in [16, 8. Suppose first that G e = {e}, so G is totally disconnected. Then by [9, 7.5] 
e (q e (Y )) where q e : G → G/G e is the quotient map, and
We recall that if G e is compact, then the map u → u•q e : A(G/G e ) → A(G : G e ) is an isometric isomorphism, so A(G : G e ) is a closed subalgebra of A(G). Hence it follows from (i) that A I (G) ⊆ A(G : G e ). Conversely, it follows from [8, Theorem 5.1 and Lemma 5.2] that A(G : G e ) ∼ = A(G/G e ) is generated by idempotents, so A I (G) ⊇ A(G : G e ).
The algebra B I (G)
Let us begin by reviewing some critical ideas and notations from [12] . If G is a locally compact group with topology τ G , we let
τ is a group topology on G for which the completion G τ is locally compact
If τ ∈ T (G), then there is a natural continuous homomorphism η τ : G → G τ which is injective if and only if τ is Hausdorff. If τ 1 , τ 2 ∈ T (G), and
•η τ 2 = η τ 1 . Furthermore, we say that τ 1 is a quotient of τ 2 if η τ 2 τ 1 is proper, i.e., for every compact subset C of G τ 1 , η τ 2 τ 1 −1 (C) is a compact subset of G τ 2 . This is equivalent to having η τ 2 τ 1 be a quotient map with compact kernel. We then let
This is the space of matrix coefficients of the unitary representation (2.1)
where 
Thus we may let the spine of B(G) be given by
We recall from [12, Section 2.4] that T (G) is a semilattice, i.e. a commutative idempotent semigroup, under the operation (
The topology τ 1 ∨ τ 2 is the coarsest topology on G for which that map
2.1. The sublattice of pre-totally disconnected topologies. We say that a locally precompact topology τ on G is pre-totally disconnected if G τ is a totally disconnected group, i.e., its connected component of the identity G τ,e is trivial. We let
, which is trivial. It is clear that if G is connected, then T td (G) = {ε}, where ε = {∅, G}. However, we can say more.
Proof. If τ ∈ T td (G), then the homomorphism η τ : G → G τ satisfies G e ⊆ ker η τ . Hence the first isomorphism theorem for topological groups tells us that there is a continuous homomorphismη τ : G/G e → G τ such that η τ •q e = η τ , where q e : G → G/G e is the quotient map. Letτ be the coarsest topology on G/G e which makesη τ continuous. Then it is clear thatτ ∈ T td (G/G e ) and (G/G e )τ = G τ . It is straightforward to verify that τ →τ : T td (G) → T td (G/G e ) is bijective and that it is a semilattice homomorphism.
Recall the definition of a quotient topology, given above. Analogously with the definition of the non-quotient topologies on G, we let T td nq (G) = {τ ∈ T td (G) : τ is not a quotient of any other element of T td (G)}. We note that the topology induced by the quotient map q e : G → G/G e , is an element of T td nq (G). We will identify one other important element of T td nq (G). We recall that a compactification of G is any pair (η, S) where S is a compact semi-topological semigroup and η : G → S is a homomorphism with dense range. The maximal almost periodic compactification (η ap , G ap ) is the maximal one amongst the (semi-)topological group compactifications. See [4] , for example. Note that for a totally disconnected group G, even a discrete group, G ap might not be totally disconnected. We thus define the totally disconnected compactification, (η td , G td ), by
where (G ap ) e is the connected component of the identity and q ap e : G ap → G ap /(G ap ) e is the quotient map. It follows the first isomorphism theorem and the universal property for (η ap , G ap ) that this compactification has the following universal property.
If (η 1 , G 1 ) is a group compactification of G with G 1 totally disconnected, then it is a quotient of (η td , G td ) in the sense that there is a quotient homomorphism η td 1 :
In fact the compactifications of G, (η td , G td ) and η td •q e , (G/G e ) td coincide, where
Proof. Consider the following commutative diagram.
The homomorphism η 1 exists by virtue of the first isomorphism theorem. The quotient homomorphism η 2 exists by the universal property of the compactification η ap , (G/G e ) ap . Then η 3 exists, and is a quotient map, by the first isomorphism theorem. The inverse, η 4 = η exists by the universal property for the totally disconnected compactification of G, applied to the compactification q e •η ap •q e , (G/G e ) td = η td •q e , (G/G e ) td .
We can now give a useful characterisation of the non-quotient pre-totally disconnected topologies.
Proof. This is proved exactly as [12, Theorem 2.2], with τ td playing the role of the topology induced by the almost periodic compactification τ ap .
Proof. (i) By part (iii) of the theorem above, T td nq (G) is the ideal T td (G)∨τ td . (ii) It follows Proposition 2.2 that τ td =τ td , the topology induced by the totally disconnected compactification mapη td : G/G e → (G/G e ) td . The result now follows (i) above.
2.2. The structure of B I (G). We can now state our main structure theorem for B I (G).
Theorem 2.5. We have that
and is a graded Banach algebra over the semilattice
It was shown in the proof of [12, Theorem 4.12] that if u ∈ Idem(G), then there are τ 1 , . . . , τ n in T nq (G) and idempotents u j in A τ j (G) such that
We have by Proposition 1.1 that
Hence u j ∈ A τ ′ j (G) where τ ′ j is the topology induced by the map q τ j ,e •η τ j :
is generated by idempotents by Proposition 1.1, we obtain the reverse inclusion, whence
Let us now see that this sum is an ℓ 1 -direct sum. If τ 1 and τ 2 are elements of T td nq (G) and A τ 1 (G) ∩ A τ 2 (G) = {0}, then by [12, Lemma 3.2] there is a τ ∈ T (G) which is a quotient of each of τ 1 and τ 2 , such that
It then follows that A(G τ ) ∼ = A τ (G) is generated by idempotents, so G τ is totally disconnected, i.e., τ ∈ T td (G)
The fact that B I (G) is graded over the semilattice T td nq (G) follows from [12, Proposition 3.1].
We now aim to describe the Gelfand spectrum of B I (G). We let
S is hereditary: S ⊇ S τ for each τ in S, and S is directed:
where S τ = {τ 0 ∈ T td nq (G) : τ 0 ⊆ τ }. We call sets S τ the principal hereditary directed subsets. The inverse mapping system
gives rise to a projective limit group
The following description of the Gelfand spectrum of B I (G) is similar to the description of that for A * (G) in [12, Section 4.1]. The proof is is the same, so we omit it.
Theorem 2.6. The coproduct
where u τ →û τ : A τ (G) → A(G τ ) is the Gelfand transform for each τ . Moreover, with the weak* topology and the multiplication
We note that G I is, in fact, a Clifford semigroup, i.e., a semilattice of groups. We note that HD td (G) is itself a semilattice via the operation (S 1 , S 2 ) → S 1 ∩ S 2 . This semilattice is lattice isomorphic to the semilattice of (central) idempotents in G I , e S = η τ (e) τ ∈S : S ∈ HD td (G) . 
This von Neumann algebra is generated by the representation
where λ τ is the representation from (2.1). Then G I identifies naturally with the closure of λ I (G) in the weak operator topology (which is why G I is a semitopological semigroup). We call (G I , λ I ) -or, by abusing notation, just
The set of unitary elements of G I , i.e., those elements s for which s * s = ss * = e T td nq (G) , is exactly λ I (G), which, in its weak operator topology, is bicontinuously isomorphic with G/G e . [11, 12] . For the purpose of the discussion below, let us say that a linear map between preduals of von Neumann algebras, Φ : M * → N * is completely bounded (contractive) if and only if the adjoint map Φ * : N → M is completely bounded (contractive). We leave all other pertinent definitions to our other articles [11, 12] and the book [6] .
Homomorphisms

Completely bounded homomorphisms. Completely bounded homomorphism between A(G) and B(H) are discussed in detail in
We require a definition from [ 
. . , n. If H and G are locally compact groups, then a continuous piecewise affine map α : Y ⊆ H → G I is any map for which α(Y ) ⊆ G S for some S in HD td (G) and α : Y → G S is continuous piecewise affine. We say that α is affine, if Y itself is an open coset and α an affine map. 
Moreover, we have that (i) α is affine, if Φ is completely contractive; and
Proof. The map α : Y ⊆ H → G S , S ∈ HD td (G), is obtained exactly as in [12, Theorem 4.9 (ii)]. We note that α is constant on cosets of H e since α is continuous and G S , a subgroup of a product of totally disconnected groups, is itself totally disconnected. Suppose now that Φ is completely contractive. Let τ ∈ S. Then Φ| Aτ (G) : A τ (G) → B(H) induces a completely contractive homomorphism Φ τ : A(G τ ) → B(H). By [11, Thorem 3.7] , we must have a continuous affine map α τ :
It follows from the fact that B I (G) is graded over Suppose Φ is injective. Let us say that there is an open subset U of λ I (G) such that α(Y ) ∩ U = ∅. Then we could find u ∈ A(G : G e ) = Aτ G (G) so that its support supp(u) is contained in U . But then it follows that Φu(h) = u α(h)) = 0 for each h in Y , and hence Φu = 0. This contradicts injectivity, whence (ii).
We note that if A is any Banach algebra which is the closure of the span of its idempotents, and Ψ : A → B(H) is any continuous homomorphism, then Ψ(A) ⊆ B I (H). This applies, in particular, to any von Neumann algebra A, or to A = B I (G). It thus follows from the above theorem that any completely isometric isomorphism Φ :
Since λ I (H) is dense in H I , this determines Φ * | H I , and hence Φ, completely.
Isometric isomorphisms.
We do not need to explicitly use operator space structure if we restrict our consideration to isometric isomorphisms Φ : B I (G) → B I (H). This is due to the result characterising linear surjective isometries between C*-algebras due to Kadison in [13] . This was cleverly adapted by Walter in [17] to show that the Banach algebra B(G) is isometrically isomorphic to B(H) if and only if G ∼ = H, as topological groups. We note that the following result can be immediately deduced from the theorem above if G is amenable and Φ is completely isometric. This follows from the fact that there is a natural bijection τ →τ :
(ii) ⇒ (i). Let γ : G I → H I be an isomomorphism. Then γ must take the unit, E G = λ I (e G ), of G I to that, E H = λ I (e H ), of H I . Indeed, γ is surjective and γ(E G ) acts as the unit on H I = γ(G I ). Now if U is a unitary in G I , i.e., U = λ I (s) for some s in G, then
Thus, the isomorphism γ : G I → H I must satisfy that γ λ I (G) = λ I (H), and hence must induce an isomorphism G/G e ∼ = H/H e . Moreover, this isomorphism is bicontinuous if γ is.
(iii) ⇒ (i). If Φ : B I (G) → B I (H) is an isometric isomorphism, then its adjoint Φ * : VN I (H) → VN I (G) is a linearly isomorphic isometry. Moreover, Φ * (H I ) = G I , by Theorem 2.6. It follows [13, Theorem 1] that the unitary subgroup λ I (H) of H I , which is bicontinuously isomorphic to H/H e , is exactly the set of extreme points of the unit ball of VN I (H) which lie in H I . The same is true for the unitary subgroup λ I (G) of G I . Hence Φ * λ I (H) = λ I (G) and thus Φ * induces a homeomorphism ϕ : H/H e → G/G e . We note that λ I (H) is a linearly independent subset of VN I (H), as it represents the Gelfand spectrum of the regular subalgebra A(H : H e ) ∼ = A(H/H e ) of B I (H). It can now be argued, exactly as in the proof of [17, Theorem 2] that h → ϕ hϕ(e H ) −1 is either an isomorphism or an anti-isomorphism between the groups H/H e and G/G e . (It will be an isomorphism if Φ is completely contractive.) Composing this map with the canonical continuous anti-isomorphism s → s −1 on G/G e , if necessary, we see that H/H e ∼ = G/G e as topological groups.
We cannot weaken the assumptions of part (iii) of the above theorem too much. If G and H are non isomorphic finite groups of the same cardinality then B I (G) = A(G) ∼ = A(H) = B I (H) via a completely bounded isomorphism.
3.3. Amenability. We make brief note of some of the amenability properties of B I (G). For sake of brevity, and since we will make no use of these concepts outside of this section, we refer the reader to [15] for all pertinent definitions on amenability, weak amenability and operator amenability of a completely contractive Banach algebra.
First, we note that it is immediate from remarks following [2, Theorem 1.4] that B I (G), being an algebra generated by idempotents, is always weakly amenable, and hence always operator weakly amenable. The following result can be proved exactly as [15, Theorem 3.3] 
Examples
Almost connected groups.
If G is an almost connected group, i.e., G/G e is compact, then there is only one non-quotient topology amongst the pre-totally disconnected locally pre-compact topologies. It is the topology induced by the quotient map q e : G → G/G e . Thus we have that
where B(G : G e ) is the subalgebra of B(G) of elements which are constant on cosets of G e .
Some Fell groups.
We now give an example of a family of noncompact groups G for which B I (G) = B(G). Let Q p denote the field of p-adic numbers (p prime) and O p the compact subring of p-adic integers. We let GL(n, O p ) denote the compact group of invertible n×n matricies with entries in O p and each having inverse with entries in in O p . These groups were introduced in [14] for general n; and in [3] for n = 1. We let GL(n, O p ) act on the the elements of the vector space Q p as column vectors. Then we let G p,n = GL(n, O p ) ⋉ Q n p . It was noted in [15] that for each prime p and n = 1, 2, . . . that
. Since all groups involved are totally disconnected, we obtain
This is the only family of non-compact groups for which this is known.
4.3.
The integers Z and the rationals Q. For any locally compact abelian group G we let G denote its dual group. Using the well-known formula Z ap ∼ = T d , where T d is the circle group with discrete topology, and then applying [9, 25 .1], we obtain that Z ap ∼ = Q c × p prime O p . We let c denote the cardinality of the real numbers, and as above, O p the p-adic integers, which is the closure of Z in the p-adic number field Q p . Since Q is connected -it contains a dense copy of the real line, we obtain the totally disconnected compactification
It then follows from [9, 9.1] that T td nq (Z) = {τ d , τ td } where τ d is the discrete topology. Hence
We note that by [9, 
, where t p (T) is the p-torsion subgroup of T, the sum of which is the torsion subgroup t(T). Applying the Fourier-Stieltjes transform B(Z) ∼ = M(T) we realize the closed span of the idempotent measures on T as
We have that Q is a divisible torsion-free group by [9, 24.23 ]. Thus it is a vector space over Q which, being connected, has cardinality c. Hence the discrete group Q d is isomorphic to Q ⊕c , and so we obtain that Q ap ∼ = Q d ∼ = Q c . Thus Q ap is connected from which it follows that Q td is a oneelement group. It thus follows that T td (Q) = T td nq (Q). T td (Q) contains each of the topologies τ p , induced from the embedding Q ֒→ Q p . The weak approximation theorem from number theory (see, for example [5, Section 6]) tells us that the topologies {τ p : p prime} form a free semilattice within T td (Q). There are other topologies. For example, [12, Lemma 4.10] shows how to construct a topology τ on Q for which the closure of Z in Q τ is an open subgroup isomorphic to Z td ; this is related to the construction of the adelic ring (see [5, Section 14] ) of Q. This construction can be repeated with any subgroup of Q.
4.4.
The lattice Z 2 . For any locally compact group G and τ in T td nq (G), there is a τ nq in T nq (G) of which τ is a quotient. Moreover, τ nq must satisfy that G τnq has compact connected component of the identity.
The semilattice T nq (Z 2 ) is computed explicitly in [12, Section 6.1]. It is isomorphic to the subspace lattice of R 2 . Let us recall this identification, but with different notation from what is used in [12] . If 0 ≤ θ < 2π let τ θ be the topology on Z 2 induced by the map Z 2 → R : (n, m) → n cos θ + m sin θ.
If tan θ is irrational Z 2 τ θ ∼ = R, otherwise it is isomorphic to a discrete subgroup of R. Then T nq (Z 2 ) = {τ ap , τ θ ∨ τ ap , τ d : 0 ≤ θ < 2π}, where τ d is the discrete topology and τ ap the maximal pre-compact topology. Consider for each τ in T nq (Z 2 ) the topology induced by the map q τ,e •η τ : Z 2 → Z 2 τ /Z 2 τ,e . Collecting the distinct such topologies we obtain T td nq (ZThe algebras A τ θ ∨τ td (Z 2 ), contain all of the idempotents of the form 1 H , where H is an infinite subgroup of infinite index in Z 2 . The algebra A τ td (Z 2 ) contains all of the idempotents of the form 1 L , where L is a subgroup of finite index in Z 2 .
4.5. Free groups. Let F ∞ be the countable free group on infinitely many free generators {x n : n ∈ N}. If G is any separable totally disconnected and S = {s n : n ∈ N} is any subset which generates a dense subgroup, then the homomorphism η S : F ∞ → G : x n → s n induces an element of T td (F ∞ ), namely τ S = {η −1
S (U ) :
U is open in G}. Similarly, F td ∞ admits every totally disconnected separable group as a quotient. We expect T td nq (F ∞ ) to be very large. If we let F n (n ≥ 2) be a finitely generated free group, then it admits a copy of F ∞ as an (open) subgroup. Using an adaptation of [12, Lemma 4.10] we can, for every τ in T td nq (F ∞ ), construct a topologyτ in T td nq (F n ) for which there is an open subgroup which is a copy of (F ∞ ) τ .
